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Bisets

G ,H finite groups

GXH a finite (G ,H)-biset

(G ,H)-biset ←→ (G × H)-set via g · x · h ←→ (g , h−1) · x .

Example

Let A E B ≤ G and σ ∈ Iso(H,G ). Then

GGB , BGG , B B/A B/A , B/A B/A B , HGG

are transitive bisets.

Notation

For the above examples,

IndGB , ResGB , InfBB/A , DefBB/A , Isoσ .
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Double Burnside ring

Definition

B(G ,H) is the Grothendieck group of isomorphism classes of (G ,H)-bisets
with [X ] + [Y ] = [X

∐
Y ].

For k a field, kB(G ,H) := k ⊗Z B(G ,H).

G , H, K finite groups. External multiplication :

kB(G ,H) × kB(H,K ) → kB(G ,K )
( [X ] , [Y ] ) 7→ [X ×H Y ]

where [X ×H Y ] = [X × Y /{(x ,hy)∼(xh,y) | x∈X , y∈Y , h∈H}].

kB(G ,G ) is the double Burnside ring.
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A complicated algebra

G a finite group, k a field. Multiplication on kB(G ,G ) :

kB(G ,G ) × kB(G ,G ) → kB(G ,G )
( [X ] , [Y ] ) 7→ [X ×G Y ] .

kB(G ,G ) is not symmetric in general.
(symmetric only if G is cyclic and in suitable characteristic )

[Rognerud, ’15] kB(A5,A5) is of infinite global dimension.
(for char k 6= 2, 3, 5)
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Biset functors

Definition

Biset category

k

C

, k a field.

Objets : finite groups
Morphisms : HomC(G ,H) =

k

B(H,G ) .

A biset functor is F : kC → k −Mod , covariant, k-linear

The category of biset functors F := Fun(kC, k −Mod) is abelian.

0→ F1 → F2 → F3 → 0 is exact

if
0→ F1(G )→ F2(G )→ F3(G )→ 0, for all finite groups G .

S ∈ F is simple if ∀T ∈ F with T ⊆ S we have T = S or T = 0.
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Simple biset functors

For H a finite group, V ∈ kB(H,H)−Mod

LH,V := kB(−,H)⊗kB(H,H) V .

For X a finite group,

JH,V (X ) :=
⋂

ϕ∈kB(H,X )

Ker ( LH,V (ϕ) : LH,V (X )→ LH,V (H) ) .

if V is simple then JH,V is the unique maximal subfunctor of LH,V .

SH,V = LH,V /JH,V is simple and all simple biset functors are obtained
this way.
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Simple biset functors

Proposition (Bouc)

Let G , H be finite groups and S = SH,V ∈ F .

Then S(G ) = 0 or S(G ) is
a simple kB(G ,G )-module

Proposition

Let F ∈ F and S ∈ F simple, with S(G ) 6= 0. Then S v F if and only if
S(G ) v F (G ).

Proposition (Rognerud, ’15)

If SH,V (G ) 6= 0 for all H v G then

kB(G ,G )−Mod ' 〈SH,V | H v G 〉 .
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Standard quotient

The standard quotient is kB̄(−,H) := kB(−,H)/kI (−,H)

,
where I (X ,H) :=

⋃
K@H B(X ,K )B(K ,H).

Lemma

kB̄(X ,H) 6= 0 if and only if H v X .

L̄H,V := B̄(−,H)⊗kB̄(H,H) V .

Proposition

ε : kB(−,H)→ kB̄(−,H) induces ε : LH,V → L̄H,V and, if V is simple,
ε̄ : SH,V = LH,V /JH,V → L̄H,V /ε(JH,V ) is an isomorphism.
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Sections

kB̄(G ,H) = kB(G ,H)/kI (G ,H)

Definition

(T , S) is a section of G if S E T ≤ G .

For H ≤ G , ΣH(G ):= {(T ,S) section of G | T/S ' H}.

Lemma

kB̄(G ,H) =
⊕

(T ,S)∈[ΣH(G)/G ]

IndinfGT/S ◦ kB̄(T/S ,H) .
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Linked sections

ΣH(G ) = {(T ,S) section of G | T/S ' H}.

Partial ordering on ΣH(G ) : (V ,U) � (T , S) if

{
VS = T
V ∩ S = U

(B,A) and (T ,S) are linked if (B ∩ T ,A ∩ S) � (B,A)
and (B ∩ T ,A ∩ S) � (T ,S). Notation : (B,A)− (T , S).
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and (B ∩ T ,A ∩ S) � (T ,S). Notation : (B,A)− (T , S).

B T

A B ∩ T S

A ∩ S



Unvanishing criteria for SH,V (G )

Proposition

Let (T ,S) ∈ ΣH(G ) and suppose that, for every g ∈ G with g /∈ T , the
conjugate section ( gT , gS) is not linked to (T ,S). Then SH,V (G ) 6= 0.

In this case DefresGT/S Indinf
G
T/S = idT/S + I (H,H).
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Vanishing criteria for SH,V (G )

Theorem

For every (T ,S) ∈ ΣH(G ), fix an isomorphism σT/S : H → T/S.

The following are equivalent :

SH,V (G ) = 0.

For any (B,A), (T ,S) ∈ ΣH(G ), the action on V of∑
g∈[B\G/T ]

(B,A)− g (T ,S)

σ−1
B/A ϕB/A, gT/ gS Conjg σT/S ∈ kB(H,H)

is zero, where ϕB/A, gT/ gS : gT/ gS → B/A denotes the isomorphism

induced by the linking (B,A)− g (T ,S).
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Minimal sections

ΣH(G )min := {(T ,S) ∈ ΣH(G ) minimal}
SH,V (G )min generated by ΣH(G )min

Theorem

SH,V (G )min // //
⊕

(T ,S)∈[ΣH(G)min/G ]

Tr
N̄G (T ,S)
1 (V ) .

If ΣH(G ) = ΣH(G )min, then

SH,V (G )min '
⊕

(T ,S)∈[ΣH(G)/G ]

Tr
N̄G (T ,S)
1 (V ) .
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