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¢Xn a finite (G, H)-biset
(G, H)-biset «+— (G x H)-set
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G, H finite groups

¢Xn a finite (G, H)-biset
(G, H)-biset «+— (G x H)-set

via g-x-h<—(g,h 1) x.
Let A B < G and o € Iso(H, G). Then
¢Ge, BGG,

8B/Ag/a, B/AB/AB,
are transitive bisets.

HGg
For the above examples,

Indg, Resg, Infg/A, Defg/A, Iso, .
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B(G, H) is the Grothendieck group of isomorphism classes of (G, H)-bisets
with [X]+[Y] = [X1] Y]
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B(G, H) is the Grothendieck group of isomorphism classes of (G, H)-bisets
with [X]+[Y] = [X1] Y]
For k a field, kB(G, H) := k ®z B(G, H).
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B(G, H) is the Grothendieck group of isomorphism classes of (G, H)-bisets
with [X]+[Y] = [X1] Y]

For k a field, kB(G, H) := k ®z B(G, H).

e G, H, K finite groups. External multiplication

kB(G,H) x kB(H,K) — kB(G,K)
( X

) =

[X XH Y]
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B(G, H) is the Grothendieck group of isomorphism classes of (G, H)-bisets
with [X] +[Y] = [X]] Y]

For k a field, kB(G, H) := k @z B(G, H).

e G, H, K finite groups. External multiplication

kB(G,H) x kB(H,K) — kB(G,K)
( X

) =

[X XH Y]
where [X <1 Y] = [X X Y/((xhy)~(xhy) | x€X, yeY, heH}]-
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Double Burnside ring

Definition

B(G, H) is the Grothendieck group of isomorphism classes of (G, H)-bisets
with [X]+[Y] = [X1] Y]

For k a field, kB(G, H) := k ®z B(G, H).

@ G, H, K finite groups. External multiplication :

kB(G,H) x kB(H,K) — kB(G,K)
(X1 . [YI') = XxuY]

where [X Xy Y] = [X X Y/((xhy)~(xhy) | x€X, yeY, heH}]-
e kB(G, G) is the double Burnside ring.



G a finite group, k a field. Multiplication on kB(G, G) :

kB(G,G) x KB(G,G) — kB(G,G)
( XI . [¥YI ) = [XxecY].
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G a finite group, k a field. Multiplication on kB(G, G) :

kB(G,G) x KB(G,G) — kB(G,G)
(X1, ¥l ) =

[X XG Y] .
kB(G, G) is not symmetric in general.

(symmetric only if G is cyclic and in suitable characteristic )
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A complicated algebra

G a finite group, k a field. Multiplication on kB(G, G) :

kB(G,G) x kB(G,G) — kB(G,G)
(X1 . Y1) = [XxeV]

kB(G, G) is not symmetric in general.
(symmetric only if G is cyclic and in suitable characteristic )

[Rognerud, '15] kB(As, As) is of infinite global dimension.
(for char k # 2, 3, 5)



> o>



Biset category C
Objets : finite groups
Morphisms : Hom¢(G, H) = B(H, G).
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Biset category kC, k a field.
Objets : finite groups
Morphisms : Hom¢(G, H) = kB(H, G).
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@ A biset functor is

Biset category kC, k a field.
Objets : finite groups
Morphisms : Hom¢(G, H) = kB(H, G).

F : kC — k — Mod, covariant, k-linear
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Biset category kC, k a field.
Objets : finite groups

Morphisms : Hom¢(G, H) = kB(H, G).

@ A biset functor is

@ The category of biset functors F := Fun(kC, k — Mod) is abelian.
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Objets : finite groups

Morphisms : Hom¢(G, H) = kB(H, G) .

@ A biset functor is

F : kC — k — Mod, covariant, k-linear

@ The category of biset functors F := Fun(kC, k — Mod) is abelian
e 0—+ F — F,— F3 — 0is exact if

0 — F1(G) = F2(G) — F3(G) — 0, for all finite groups G.
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Biset category kC, k a field.
Objets : finite groups

Morphisms : Hom¢(G, H) = kB(H, G) .

@ A biset functor is

F : kC — k —Mod, covariant, k-linear
@ The category of biset functors F := Fun(kC, k — Mod) is abelian.
e 0—+ F — F,— F3 — 0is exact if

0 — F1(G) = F2(G) — F3(G) — 0, for all finite groups G.

@ Se Fissimpleif VT € F with TCSwehave T=Sor T =0.
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For H a finite group, V € kB(H, H) — Mod

Ly = kB(—, H) ®kp(H,H) V -
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For H a finite group, V € kB(H, H) — Mod

Ly = kB(—, H) ®kp(H,H) V -
For X a finite group,

Jnv(X) =

oekB(H,X)

(| Ker(Luv(®): Luyv(X) = Luyv(H)) .
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For H a finite group, V € kB(H, H) — Mod
Ly = kB(—, H) ®kp(H,H) V -
For X a finite group,
Jnv(X) =

oekB(H,X)

(| Ker(Luv(®): Luyv(X) = Luyv(H)) .

@ if V is simple then Jy v is the unique maximal subfunctor of Ly y.
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Simple biset functors

For H a finite group, V € kB(H, H) — Mod

Ly,v = kB(—, H) @ig(H,H) V -

For X a finite group,

Juv(X) = ﬂ Ker (Ly,v(®) : Luv(X) = Lu,v(H)) -
oekB(H,X)

@ if V is simple then Jy v is the unique maximal subfunctor of Ly y/.

® Sy v = Luv/Ju v is simple and all simple biset functors are obtained
this way.



Let G, H be finite groups and S = Sy v € F.
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a simple kB(G, G)-module

Let G, H be finite groups and S = Sy v € F. Then S(G) =0 or 5(G) is
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Let G, H be finite groups and S = Sy v € F. Then S(G) =0 or 5(G) is
a simple kB(G, G)-module
Let F € F and S € F simple, with S(G) # 0.
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Let G, H be finite groups and S = Sy v € F. Then S(G) =0 or 5(G) is
a simple kB(G, G)-module
Let F € F and S € F simple, with S(G) # 0. Then S C F if and only if
S(G) C F(G).
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Let G, H be finite groups and S = Sy v € F. Then S(G) =0 or 5(G) is
a simple kB(G, G)-module
Let F € F and S € F simple, with S(G) # 0. Then S C F if and only if
S(G) C F(G).

If SH,v(G) # 0 for all HC G then

kB(G, G) — Mod ~ (SHyv |HE G).
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The standard quotient is kB(—, H) := kB(—, H)/kl(—, H)
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The standard quotient is kB(—, H) := kB(—, H)/kl(—, H),
where (X, H) := Uk B(X, K)B(K, H).
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The standard quotient is kB(—, H) := kB(—, H)/kl(—, H),
where (X, H) := Uk B(X, K)B(K, H).

kB(X,H) # 0 if and only if H C X. I
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The standard quotient is kB(—, H) := kB(—, H)/kl(—, H),
where (X, H) := Uk B(X, K)B(K, H).

kB(X,H) # 0 if and only if H C X. I

ZH,V = B(_, H) ®kB(H,H) V.

40> «F»r «=>»

<

o>



The standard quotient is kB(—, H) := kB(—, H)/kl(—, H),
where (X, H) := Uk B(X, K)B(K, H).

kB(X,H) # 0 if and only if H C X. '

ZH,V = B(—, H) ®k§(H,H) V.

€: kB(—,H) = kB(—, H) inducese : Lyy — Ly v and, if V is simple,
€: SH,V = LH,V/JH,V —> LH,V/E(JH,V) is an isomorphism.
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kB(G,H) = kB(G, H)/kI(G, H)

(T,S)isasectionof GiIf SIT <G.
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kB(G,H) = kB(G, H)/kI(G, H)

(T,S)isasectionof Gif SIT <G.

For H< G, 4(G):={(T,S)sectionof G | T/S ~ H}.
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kB(G,H) = kB(G, H)/kI(G, H)

(T,S)isasectionof Gif SIT <G.

For H< G, £4(G):={(T,S)sectionof G | T/S ~ H}.

kB(G,H) =

D

(T,5)€[xn(6)/6]

Indinf$ s 0 kB(T/S, H).
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Y(G) ={(T,S)sectionof G | T/S ~ H}.
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Y(G) ={(T,S)sectionof G | T/S ~ H}.

. . ] VS=T
Partial ordering on X(G) : (V,U) < (T,S) |f{ VAsS—uU
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Y(G) ={(T,S)sectionof G | T/S ~ H}.

Partial ordering on X4(G) : (V,U) < (T,S) if vs=1T

vnS=U
(B,A) and (T,S) are linked if (BN T,ANS) < (B,A)
and (BN T,ANS) =< (T,S). Notation : (B,A)—(T,S).
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Y(G) ={(T,S)sectionof G | T/S ~ H}.

: : . Vs§=T
Partial ordering on X4(G) : (V,U) <X (T,S) if VAsS—uU
(B,A) and (T,S) are linked if (BN T,ANS) < (B,A)

and (BN T,ANS) =< (T,S). Notation : (B,A)—(T,S).
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Yh(G) =

{(T, S)sectionof G | T/S ~ H}.
: Vs=T
Partial ordering on X(G) : (V,U) < (T,S) if VAsS—uU
(B,A) and (T,S) are linked if (BN T,ANS) < (B,A)
and (BN T,ANS)

=< (T,S). Notation : (B,A)_—(T, S).

T -‘r
A S

\/
\/
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Let (T,S) € Xy4(G) and suppose that, for every g € G with g ¢ T, the
conjugate section (8T, &S) is not linked to (T, S).
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Let (T,S) € Xy4(G) and suppose that, for every g € G with g ¢ T, the

conjugate section (8T, 8S) is not linked to (T,S). Then Sy v(G) # 0.
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Let (T,S) € Xy4(G) and suppose that, for every g € G with g ¢ T, the

conjugate section (8T, 8S) is not linked to (T,S). Then Sy v(G) # 0.

In this case Defres? /sIndinf$ s = idr/s + I(H, H).
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For every (T,S) € Xy(G), fix an isomorphism org:H— T/S.
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For every (T,S) € Xy(G), fix an isomorphism org:H— T/S.
The following are equivalent :
® Syv(G)=0.
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Vanishing criteria for Sy v (G)

Theorem
For every (T,S) € £14(G), fix an isomorphism or;s:H— T/S.
The following are equivalent :

e Syv(G)=0.

e For any (B,A),(T,S) € u(G), the action on V of

Z O‘E/IA Pe/aeT)es Conj, Or/s € kB(H, H)
g€[B\G/T]
(B,A)—&(T,S)

is zero, where g, g7/ - 8T/8S — B/A denotes the isomorphism
induced by the linking (B, A)—&(T,S).




Y(G)Min:= {(T,S) € Zy(G) minimal}
Swv(G)™™ generated by ¥4y(G)™in

«0O0>» «F»>» «E>»r «
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Y(G)Min:= {(T,S) € Zy(G) minimal}
Sh,v(G)™™ generated by ¥4(G)™in

‘Theorem
SH,V(G)min . @

(T,S)elzn(G)mn/C]

Trf’G(T’s)( V) .

[m]
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Y(G)Min:= {(T,S) € Zy(G) minimal}
Sh,v(G)™™ generated by ¥4(G)™in

Theorem
SH,V(G)min . @

(T, S)e[zu(G)mi/6]
/fZH(G) = ZH(G)min, then

SH,V( G)min

~

D

Trf’G(T,S)( V) .

TeNe(T9) vy .
(T.5)e[En(6)/6]
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